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Abstract 
The paper investigates a thin film equation with a second-order diffusion term: ( ) ( ) 0n mt xxx x x xu u u u u  
which has many important applications in biomedicine, biology and physics. For 1m n , the solution also 
converges to its mean at an exponential rate as the time.  
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I.  Introduction 
The thin film equation has been a hot topic recently. It is derived from a lubrication approximation and 
appears in the description of the motion of a very thin layer of viscous in compressible fluids along an 
inclined plane(see [1,2]) and has many important applications in biomedicine, biology and physics. For 
the mathematic work, F. Bernis and A. Friedman firstly gave the existence for a class of weak solution in 
[3]. A.L. Bertozzi and M.Pugh [4] obtained the existence in the sense of distribution by an entropy 
estimate method. The paper [5] consider the nonnegative property and support property of weak solutions.  
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In [6], A.L. Bertozzi and M.Pugh consider the thin film equation with a ‘porous media’ term  
( ) ( ) 0n rt xxx x xxu u u u  
It was manifested that the solutions exponentially convergence to the constant steady state for 1 2r  
and 0 3n  by introducing an entropy function.  
In the paper, we also study the thin film model with a second-order diffusion term:  
( ) ( ) 0 inn mt xxx x x x Tu u u u u Q  (1) 
0 onx xxxu u  (2) 
0( 0) ( ) onu x u x  (3) 
where ( )a a , (0 )TQ T , (0 )T , (0 )m n , 
1
0 ( )u H , 0 0u , 
0 0u . Our results show that the similar existence results and decay conclusions also hold as [6]. 
However, our results have different index range.  
Through out the paper, C  is denoted as a positive constant and may change from line to line.  
2. Existence 
At first, for a small parameter 0 , introduce a approximation problem:  
( ( )( )) 0 inm nt xxx x x Tu f u u u u Q  (4) 
0 onx xxxu u  (5) 
0( 0) ( ) onu x u x  (6) 
Where 
0 [ ]u C a a , 0 0( ) ( ) (0 2 5)u x u x ,  0 0u u  in 1H  (as 0 ) and   
4
4( )
n
n
y yf y
y y
 
The function ( )f  is first used in [3] and it is also a degenerative function.  
The classic parabolic theory guarantee the existence of a smooth solution up to a time . Similar as 
the paper [3] and [6], we can get the global existence for the approximation problem. For the purpose, we 
need some a-prior estimates as following.  
Take 
11
1
m n
xx m nu u  as a test function in (4) and integrate by pars to get  
2 21 1d d
2 ( 1)( 2)
m n
xu x u xm n m n  
2 2
0
1( )( ) d d d
2t
m n
xxx x xQ
f u u u u x t u x  
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2
0
1 d
( 1)( 2)
m nu x
m n m n  (7) 
where (0 )tQ t , (0 )t . In view of the boundary (5), we easily know the problem has the 
mass conservation:  
0( )d ( )du x t x u x x  
Moreover, for any (0 )t , using the estimate (7), one can get the following estimate:  
2 ( )dxu x t x C  
Applying the embedding  
1
21( ) ( )H C  
we have the Hölder estimate about x :  
1
2
1 2 1 2( ) ( )u x t u x t C x x  (8) 
where (0 )t . It follows that  
0 for (0 )u M t  (9) 
where 0M  is a positive constant. Similar to the proof [3], one can prove that  
1
8
1 2 1 2( ) ( )u x t u x t C t t  (10) 
Introduce the entropy functional (see [6])  
0( )d ( ) d6
E u x E u c x
u
 (11) 
where the constant c  is chosen to ensure the positivity of the entropy and the function  
0
1( )
( )
E s
f s
 
For any t , taking ( )E u  as a test function, we find  
2
0 0
1
0 00
0
d ( )d d d
6
d d ( ( ) )d
( ) 6
t
mt
x E u x u x t
u
um x t E u x
E u u
 
The a priori du x C  guarantees the local solution can be continued to any time T . From the 
estimates (8) and (10), one can conclude that { }u  is uniformly bounded and equi-continuous in TQ . 
Hence, there exists a subsequence such that  
uniformly in Tu u Q  
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Now we prove that the function u  is just the weak solution. For any 0 , by the classic parabolic 
theory, we have  
( ) uniformly in { }nf u u u  
 
uniformly in { }x xu u u  
and  
uniformly in { }xxx xxxu u u  
Now we can perform the limit  
{ }
{ }
( )( ) d d
( ) d d
m n
xxx x xu
n m
u xxx x x
f u u u u x t
u u u u x t
 
where  is a smooth test function. On the other hand, One has  
1
22
2
{ }
2
{ }
( )( ) d d
( )( ) d d
n
n
m n
xxx x xu
m n
u xxx x
f u u u u x t
C f u u u u x t
C
 
where we have used the estimate (7) and 1m n .  
By the above argument, we can get the following existence result:  
Theorem 1.  Assume 1m n , there exists a weak solution of (1)-(3) in the sense of  
( ) 0
T
n m
t P xxx x xQ
u u u u u
 (12) 
for all ( )Lip Q , 0  near 0t  and t T ,  
0
0
( 0) ( )
( )d ( )d
u x u x x
u x t x u x x
 
and u  satisfies (2) at all points of the lateral boundary where 0u .  
III. LONG TIME BEHAVIOR 
The second result is the large time decay rate estimates of solutions. In the following, let 
1 ( )dg g x x  for 1( )g L . In view of the conservation of mass 
 0( )d ( )du x t x u x x , 
 we can denote 1 0d 0u u x .  
Theorem 2.  Let u  is a weak solution obtained in Theorem 1. For 0 2n ,  
( )
( ) Ct
L
u t u Ce
                    (13) 
For 1 3n ,  
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2 21 1
r r Ct
L
u Ceu
 (14) 
For 3n  and 20 d
nu x ,  
Ct
L
u u Ce
 (15) 
Proof. Inspired by [6], for 0 2n , we introduce the entropy dissipation  
2
2 2
1
1
(1 )(2 ) 1
1( ) if 1
2 6
log (1 log ) if 1
n
n
yy y
n n n
G y y nyn
y y y y y n
 
We just consider the case 1n . Noticing that the function  
22
1
1 1( )
(1 )(2 ) 1 2
nn yf y y y yn n n n
 
satisfies 1 1( ) ( ) 0f y f y , we can use Taylor’s expansion to get  
2
1
2
2
1( ) ( )
2
1 ( ) if
2
1 ( ) if
2
n
n
n
f y y y
y y y y M
M
y y y y
y
 
Applying the fact 
41( )
n
y
G y y  
 and taking 1( )G u  as a test function, we get 
2 2
1( )d t t
m n
Q xx Q xG u x u u u 1 0( )dG u x   (16) 
 
Poincaré’s inequality yields  
2
1 1 0
2
0
( )d ( )d
( )
t
T
Q xx
Q
G u x G u x u
C u Cu
 
where C  is independent of . The lower bound of 1f  and Gronwall’s inequality gives  
20 ( )
( ) Ct
L
u t Ceu  
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Applying the interpolation inequality (see [6])  
2 2
3 3
1 1 1
2( ) ( ) ( )( )L L LC
v C v v C v
                   (17) 
for 
1
21( ) ( )v L C , we have  
1
3
2( ) ( )
( ) ( ) Ct
L L
u t u u t u Ce  
by performing  the limit 0 . 
 For 1 3n , there exists a real number (0 1)r  such that 0 2 1n r . Define the 
entropy functional  
12
2
2
( )
(1 )(2 ) 1
2 ( 2 )( 3 )
n rn r
n r
r
y yG y y
n r n r n r
y y
n r r r
 
Moreover, since the function  
1 22
2 ( ) (1 )(2 ) 1 2
n r n rn ry y yf y y
n r n r n r n r
 
satisfies 2 2( ) ( ) 0f y f y , we can use Taylor’s expansion to get  
2
2
2
2
1 ( )
2
if1( ) ( ) 12 ( )
2
if
n r
n r
n r
y y
M
y y M
f y y y
y y
y
y y
 
Take 1( )G u  as a test function to get  
2 ( )
d G u
dt
( )( )m nxxx xf u u u u  
11 3
d
1 3
n rn r r
x
u uu x
n r r
 
2 2 4( 1)d d
3
r r
xx x
r ru u x u u x 2 dm n r xu u x  
2 2 4( 1)d d
3
r r
xx x
r ru u x u u x  
21 2
2
2
1 ( ) d
(1 )
r
xxr
u x
2
1
4 2 44
41
4 2
( ) d
( )
rr
xr
u x   (18) 
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Let 
1
4 2
r
v u  and so 2 12
r
v u . A direct calculation shows  
4 3 2
4 2 2 2 2
d d 3 d
3 1( d d ( ) d )
2 4
x x x x xx
x xx xx
v x v v x v v v x
v x v v x v x
 
Furthermore, we have  
4 2 2 2 21 1d d ( ) d
3 4x xx xx
v x v v x v x  
and then  
1
4 2 2 14 23( ) d ( ) d
4
r r
x xxu x u x  
 
(18) becomes  
2 1 2
2 ( ) ( ) d
r
xx
d G u C u x
dt
 (19) 
Poincaré’s inequality gives  
2 221 11 2 2( ) d ( ) d
r rr
xxu x C u xu  (20) 
(2)-(3) show that  
2 21 1 2
2 2 0( )d ( )d ( )
r r
tQ
G u x G u x C u u    (21) 
Using (19), (20) and the mean value theorem to have  
2 21 1 2 2( ) d ( ) d
r r
u x C u xu u  
2 ( )dC G u x  
2 21 1 2( )
r r
tQ
C C u u  (22) 
Therefore, Gronwall’s inequality gives  
2 21 1 2( ) d
r r Ctu x Ceu  (23) 
The above interpolation inequality gives  
2 21 1
r r Ct
L
u Ceu  
For the case 3n , we also use the entropy 1( )G  and the equality (16) still holds. Noticing 
2 2
1 0 0 0
2 1 2
0
1( ) d d
(1 )(2 ) 6
1 d
(1 )(2 )
n
n
G u u x u x C
n n
u x C C
n n
C
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where we have used the conditions 
0 0( ) ( ) (0 2 5)u x u x  
 and 20 d
nu x , we can prove the conclusion and we omit the detail. 
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